Density gradient theory for uids has played a key role in the study of interfacial phenomena for a century. In this work, we revisit its fundamentals by examining the vapor-liquid interface of argon, represented by the cut and shifted Lennard-Jones uid. The starting point has traditionally been a Helmholtz energy functional using mass densities as arguments. By using rather the internal energy as starting point and including the entropy density as an additional argument, following thereby the phenomenological approach from classical thermodynamics, the extended theory suggests that the congurational part of the temperature has dierent contributions from the parallel and perpendicular directions at the interface, even at equilibrium. We nd a similar anisotropy by examining the congurational temperature in molecular dynamics simulations and obtain a qualitative agreement between theory and simulations. The extended theory shows that the temperature anisotropy originates in nonlocal entropic contributions, which are currently missing from the classical theory. The nonlocal entropic contributions discussed in this work are likely to play a role in the description of both equilibrium and nonequilibrium properties of interfaces. At equilibrium, they inuence the temperature-and curvature-dependence of the surface tension. Across the vapor-liquid interface of the Lennard Jones uid, we nd that the maximum in the temperature anisotropy coincides precisely with the maximum in the thermal resistivity relative to the equimolar surface, where the integral of the thermal resistivity gives the Kapitza resistance. This links the temperature anisotropy at equilibrium to the Kapitza resistance of the vapor-liquid interface at nonequilibrium.
I. INTRODUCTION
In the narrow interfacial region, properties change dramatically in only a few nanometers. Interfacial properties are crucial for a wide variety of phenomena, ranging from DNA replication [1] to volcano eruptions [2] and weather forecasts [3] . The time-average local structure of interfaces can be described by classical density functional theory for uids, which has played a key role in the study of interfacial phenomena for more than a century [4, 5] .
The rst approximation to classical density functional theory is called Density Gradient Theory or Square Gradient Theory (SGT). Such theories have provided insight into how the surface tension of uids depends on temperature, curvature and composition [68] . They have also been used to study nonequilibrium properties of interfaces such as the temperature-and curvature-dependence of the interface transfer coecients [912] .
There is still a disagreement between the theoretical predictions from classical density functional theory and experimental values for the surface tension. This discrep- * oivind.wilhelmsen@ntnu.no ancy has been attributed to temperature dependent inuence parameters [13] or to capillary waves [14] . In this work we will show, by an extension of SGT, how the classical expression for the surface tension is missing terms originating in nonlocal entropic contributions. These contributions could inuence both the temperature-and curvature dependence of the surface tension and may account for part of the discrepancy between experiments and theory.
The extended theory presented in this work suggests that the congurational part of the temperature has anisotropic contributions across the interface, even under equilibrium conditions. Even though temperature is a familiar concept to most, it is debated in the literature [1527] . Frequent discussions debate whether the temperature of a nucleating cluster is higher or lower than the temperature of the surrounding vapor [2527] , or if the temperature of an imploding bubble can become suciently high to trigger thermonuclear fusion [2123] .
Further progress on these topics requires the temperature to be properly understood in highly heterogeneous systems such as at interfaces. We test our extension of SGT by performing molecular dynamics (MD) simulations, and nd a temperature anisotropy which agrees qualitatively with the theoretical predictions.
The results from our simulations also indicate a surprising link between the anisotropy in the congurational temperature in equilibrium simulations and the Kapitza resistance which quanties the interfacial resistance to heat transfer under nonequilibrium conditions [2833] .
For solid-solid and solid-liquid interfaces, the Kapitza resistance has been described theoretically in terms of the acoustic and diuse mismatch models [34] . For the vaporliquid interface however, the Kapitza resistance remains poorly understood, despite its importance in evaporation and condensation [35] . For instance, according to kinetic gas theory [35] , the Kapitza resistance gives a temperature-jump that is located in the so-called Knudsen layer. Kinetic gas theory correctly predicts that the temperature-jump is at the vapor-side of the interface, however, the predicted magnitudes are far from the values found in experiments or simulations, even for simple uids [20, 36] . Moreover, while nonequilibrium molecular dynamics simulations show that the layer containing the temperature-jump decreases in size with decreasing temperature, kinetic gas theory predicts the opposite behavior [35, 37] .
Obtaining the Kapitza resistance with SGT requires today a semi-empirical t of the local thermal resistivity function by utilizing results from nonequilibrium molecular dynamics simulations [11, 37] . In this work, we connect the temperature-jump at nonequilibrium to equilibrium-properties of the interface. This sheds new light on the origin of the Kapitza resistance of the vaporliquid interface and may reveal a route for further development of density functional theory for uids to make the theory predictive, not only for the surface tension, but also for the transport properties of the interface such as the Kapitza resistance.
The paper will be structured as following. In Sec. II, we revisit the fundamentals of density gradient theory and elaborate why the classical theory is missing nonlocal entropic contributions. It will also be explained why these are expected to result in anisotropic contributions to the congurational temperature across interfaces. We give in Sec. III the technical details about our MD simulations. In Sec. IV we present the results, where we show that the nonlocal entropic contributions that are currently missing from the classical theory play a role in the description of both equilibrium and nonequilibrium interfacial properties. We shall demonstrate how a closer investigation of the congurational temperature can be used to elucidate a part of the interfacial structure which has hitherto remained hidden. Eventually, concluding remarks are given in Sec. V.
II. THEORY
In this section, we shall revisit the fundamentals of Square Gradient Theory (SGT). We expect the general arguments particularized for SGT to apply also to more A. Introducing the entropy density as a variable in the thermodynamic description of interfaces
In homogeneous systems, classical thermodynamics states that the internal energy density of a uid is a function of the mass densities and the entropy density [41] .
On the contrary, density functional theory for uids has been based on functional derivatives with respect to only mass densities for the last century, following van der
Waal's pioneering work on the topic [4, 39, 4244] . The main justication for using the Helmholtz energy as starting point is that the temperature and mass densities are then canonical variables [41] . Since the temperature is constant in space at equilibrium, only the mass densities are relevant variables.
In this work, we follow the phenomenological approach from classical thermodynamics and use rather the internal energy as starting point. By properly Legendre transforming the internal energy functional, we will demonstrate that the Legendre transform of the internal energy to the Helmholtz energy does not remove the entropic contributions with a nonlocal dependence. Therefore, part of the information about the structure of the interface, which in Sec. IV will be elucidated with MD simulations, will be lost if the Helmholtz energy is used as starting point.
A thermodynamic framework decomposed into kinetic and congurational variables
The Hamiltonian of a classical uid with N particles can be written as:
where 
where subscripts k and c refer to the kinetic and congurational contributions, Z is the partition function in the canonical ensemble, T is the temperature, s is the entropy density and V the total volume. Furthermore:
Z 0(k) = 1 h 3N N ! e −βK dp 1 ... dp 3N ,
where k B is Boltzmann's constant and h is Planck's constant. Here, it has been used that Z is the product be- 
Extended square gradient theory
Cahn and Hilliard explained why the local argument of the energy functional of a heterogeneous system to a rst approximation should contain terms with density gradients squared [47] . Following Rowlinson and Widom [4] , we include also the entropy density, s, as a variable in the internal energy functional of SGT:
where r the position vector. We shall hereby refer to this formalism as extended SGT. The inuence parameters κ ρ , κ ρs , κ s can in principle depend also on the densities (s and ρ), but we have in this work kept them constant as a rst approximation.
The gradient terms represent nonlocal contributions to the energy functional. We have in Eq. 6 decomposed the internal energy density and the entropy density into their kinetic and congurational parts, in accordance with the discussion in Sec. II A 1. In a homogeneous system, this decomposition is unnecessary. The argument for decomposition these variables in a heterogeneous system is that the kinetic part of the Hamiltonian, K is strictly local because it only involves particle momenta. Therefore, only the congurational part of the entropy density should give nonlocal gradient contributions in the extended SGT framework.
In the canonical ensemble, i.e. at xed temperature, T , volume V and number of particles N , equilibrium is characterized by a constrained minimum in the Helmholtz energy, which results from Legendre transforming the internal energy [41] . This corresponds to:
where the last term on the right-hand-side takes into account the xed total number of particles and λ is a Lagrange multiplier. The necessary conditions for a minimum are given by the Euler-Lagrange equations:
where we have added the subscripts k and c to the temperatures in Eq. 8 and 9 since they are based only on the kinetic and the congurational part of the Hamiltonian respectively. Furthermore, we identify the Lagrange multiplier to be the chemical potential, λ = µ. The present framework diers from the traditional approach mainly by using the internal energy as starting point rather than the Helmholtz energy [39, 41] . It is evident from Eq. 7 that the Legendre transform −T δ V drs(r)
keeps the nonlocal entropic contributions of the functional unchanged, just like the term −µδ V drρ(r) conserves the nonlocal dependence with respect to ρ in the classical theory. We dene the scalar pressure as:
At equilibrium, the momentum balance gives:
where σ is the tension tensor. We further determine σ by following a similar procedure as Yang et al. [48] : Equation 8 was multiplied with ∇s k , Eq. 9 with ∇s c , Eq. 10 with ∇ρ and the sum was taken. By using Eq. 11 and tensor algebra, the gradient ∇p sgt can be separated out and the tension tensor can be determined by use of Eq. 12:
σ(r) =κ ρ ∇ρ(r)∇ρ(r)+ 2κ ρs ∇ρ(r)∇s c (r) + κ s ∇s c (r)∇s c (r).
The expression in Eq. 13 reproduces the tension tensor from classical SGT with κ ρs = 0 and κ s = 0. For the planar interface, we can now evaluate the pressure tensor,
where the parallel and perpendicular components of the pressure tensor are:
and the surface tension is:
where z is the direction perpendicular to the interface.
The terms in Eq. 13 with gradients of the congurational entropy density represent new contributions to the surface tension that are missing from the classical theory.
They are of a dierent origin and have a dierent behavior than the rst term on the right-hand side of Eq. 13 used in classical SGT.
B. A theoretical justication for a temperature with anisotropic spatial contributions in heterogeneous systems
We shall next particularize to the planar interface,
where (x, y ∈ ) are the directions parallel and (z ∈⊥)
is the direction perpendicular to the interface. In this system, properties such as the densities and the parallel component of the pressure tensor vary only in the direction perpendicular to the interface, i.e. in the z-direction.
At every position z, we assume that the scalar temperature, T (z) can be decomposed into independent contributions, ξ x , ξ y , ξ z , from the x, y, z-directions respectively, where:
A closer inspection of the contributions, ξ x (z), ξ y (z), ξ z (z) from theory and simulations can be used as a route to evaluate the inuence of nonlocal entropic contributions on interfacial properties. We discuss the predictions from the extended SGT in Sec. II B 1 and how these predictions can be tested with MD simulations in Sec. II B 2.
1. Spatial contributions to the temperature in square gradient theory A key assumption in SGT is that the terms and properties that depend only on local variables behave like in a homogeneous uid (subscript 0) and can thus be represented by an equation of state. It is clear that ξ x = ξ y = ξ z in the bulk of a homogeneous uid at equilibrium. By using this same assumption, we nd that the rst term on the right-hand sides of Eqs. 8-9 receives the same contribution from all directions since it is local.
The gradient terms on the other hand, contribute only along the direction of the gradient, i.e. perpendicular to the interface. This means that for T sgt(k) , the extended SGT formulation presented in Sec. II A suggests that:
i.e. that there is no anisotropy in the contributions to the kinetic part of the temperature. For T sgt(c) on the other hand, the extended SGT formalism suggests that:
where the extra terms in Eq. 20 are consequences of including the entropy density as a variable in the thermodynamic description (see Eq. 9).
Spatial contributions to the temperature in molecular simulations
Molecular dynamics simulations give the possibility to independently evaluate the contributions in Eq. 17 from information about the particle momenta as well as the particle interaction forces. Jepps et al. proved that the following relation [49] : (21) could be used to generate microscopic expressions for the temperature by using an arbitrary vector eld, B.
Here,
. represents the time average in MD simulations and we dene the phase space derivative:
. Following Morriss and Rondoni [15] , we have multiplied the components of ∇ Γ , operating on the generalized momenta and coordinates, with γ p and γ q respectively to make it dimensionless. The information contained in the Hamiltonian of the uid (Eq. 1) consists of a kinetic part (K ) and a congurational part (V ). Using B(Γ) = ∇ Γ K in Eq. 21, we obtain the standard kinetic temperature:
which represents the most common way of obtaining the temperature in equilibrium and nonequilibrium MD simulations. If we use the remaining part of the Hamiltonian as generating vector eld in Eq. 21, i.e. B(Γ) = ∇ Γ V , we obtain the congurational temperature:
The terms in the numerators of Eqs. 22-23 represent independent contributions from each spatial direction, N f is the kinetic degrees of freedom, p i,j the momentum of particle i in the j-direction, m i the particle mass and F i = −∇V is the force acting on the particle. Further, i ∈ Ω z means that the sum only includes atoms within a volume element, Ω z around a position z.
In previous work, it has been found that Eqs. 22 and 23 are equally applicable for obtaining the local temperature, T (z), in steady-state MD simulations, even under nonequilibrium conditions [50, 51] , given that the discontinuity in the derivatives of the interaction potential is handled properly, by using a suciently long truncationdistance or tail-corrections [52] . Similar to Eq. 8 from the extended SGT, the temperature in Eq. 22 is based only on the kinetic part of the Hamiltonian. Equivalently, the temperatures in Eqs. 9 and 23 are both based only on the congurational part of the Hamiltonian. This suggests that by evaluating the contributions ξ md, (z) and ξ md,⊥ (z) in MD simulations, one can assess whether the theoretical predictions from the extended SGT presented in Eqs. 8-9 and in Eqs. 18-20 make any sense, and possibly also reveal the presence of nonlocal entropic contributions, since the dierence between the spatial temperature contributions across an interface can be explained on the basis of non-local entropic contributions.
III. SIMULATION DETAILS
The vapor-liquid interface of argon as described by the cut and shifted Lennard Jones (LJ) uid will be used as example in this work. This is because of its relative simplicity and since argon (the LJ-uid) is a popular uid in simulations and experiments. All simulations in this work were performed with the LAMMPS software package [53] . Argon was modelled with the truncated and shifted Lennard-Jones (LJ) potential with a well depth of /k B = 119.8 K, a molecular diameter of d = 0.3405 nm and a truncation distance of 4d [54] . For completeness, we shall also list the scaled temperature used in the simu- 
where λ is the local thermal conductivity and r k is the local thermal resistivity to heat transfer. We calculated the local thermal resistivity by using Eq. 24, and the value of J q and ∂T (z) ∂z from the NEMD simulations. Moreover, the boundaries of the interfacial region as well as the surface temperature were calculated as described in previous work [57, 58] .
IV. RESULTS
A. Anisotropy in the spatial contributions to the congurational temperature
Extended square gradient theory
To study the dierent contributions to the temperature in Eq. 17 with extended SGT, we solved the cou- 
Molecular dynamics simulations
We performed standard MD simulations with constant total volume and number of particles as described in Sec. III and computed the spatial contributions to the congurational temperature dened in Eq. 23. In Fig. 1 right, they are plotted as functions of position across the interface. The gure displays a qualitative agreement between the theory (Fig. 1-left) and the analogous proles from the MD simulations ( Fig. 1-right) . Both theory and simulations give the same wavelet-like behavior, where the perpendicular contribution has a maximum at the vapor-side and a minimum at the liquid-side of the equimolar surface (vertical dash-dot line). In Fig. 2, we show that by using the same constant inuence parameters as in Fig. 1 , there is still a qualitative agreement at other temperatures as well, ranging from the triple point of argon to close to the critical point. In particular, both simulations and theory give that the extent of temperature anisotropy increases with decreasing temperature.
For the kinetic temperature, the spatial contributions across the interface from the MD simulations (Eq. 22)
have been plotted in Fig. 3 . Here, the perpendicular and parallel contributions are the same. This is in agreement with the theory presented in Sec. II; in particular, the results from the MD simulations support the assumption in Eq. 6 that only the congurational part of the entropy density gives nonlocal contributions to the internal energy functional. We interpret the dierent behavior of the spatial contributions to the kinetic and congurational temperatures as a reection of the fact that they represent complementary parts of the information contained in the actual temperature of the system, where the temperature as dened in classical thermodynamics is based on the total entropy and the total internal energy.
3. Dierences between theory and simulations and nite-size eects showed that a suciently long truncation distance and tail corrections were necessary to obtain the surface tension of the full LJ-potential to a high accuracy [61] . The surface width displays a particularly strong dependence on system size [64] . For the system size considered in our MD simulations however, Malfreyt shown that the size dependence can be neglected [63] . We showed in previous work how tail corrections are also needed for the congurational temperature at low truncation distances [52] , but such corrections can safely be neglected for the truncation distance used in this work (4d). In the follow-
ing, we shall demonstrate that nite-size eects inuence also the parallel and perpendicular contributions to the congurational temperature.
According to classical thermodynamics, the temperature at equilibrium should be constant in space, T (z) = T . This is in agreement with the theory derived in Sec. II.
In the MD simulations, we nd that the congurational temperature is constant and equal to the equilibrium temperature except in a narrow region at the vapor-side of the equimolar surface, where T md(c) exhibits a small positive deviation from T as shown in Fig. 1 . The maximum amplitude of this deviation is located at z T and is similar in size to the temperature-uctuations in the vapor-phase. The deviation was also found in previous work [51] . We nd that the deviation decreases monotonically with system-size, and is likely to be a consequence of the methodology used to calculate T md(c) in the MDsimulations (see Sec. III), which suers from the small number of particles in the bin, N bin at the vapor-side of the equimolar surface. In agreement with previous work [51, 52] , we nd that the uctuations in the congurational temperature are larger than the uctuations in the kinetic temperature.
We carried-out an in-depth analysis of the dierence between T md(c) and T , i.e. the accuracy of which T md(c) can be obtained by using the methodology described in Liquid-phase→ ←Vapor-phase system-size according to the following power laws:
where k ⊥ (z) and k (z) were spatially dependent parameters and n was a positive constant. We found that a single • In an innitely large simulation volume, Eqs. 25 and 26 gives that 3ξ md(c), Lz were kept unchanged, and N bin was changed by modifying N , Lx and Ly. The surface
The surface tension (γ) ← In Fig. 1 , we chose the inuence parameters such that the theory reproduces the surface tension of argon at T=102 K and so that ξ sgt(c),⊥ (z T ) = ξ md(c),⊥ (z T ). Since nonlocal entropic contributions give a qualitative explanation for the temperature anisotropy found at equilibrium (see Fig. 1 ), they are also likely to play a role in the theoretical description of the Kapitza resistance of the vapor-liquid interface, a description that is currently missing [35] . The theory that links these properties remains to be developed. Such a theory is important because it provides the means for using SGT to estimate not only the surface tension, but also the rates at which heat and mass are transferred across interfaces at nonequilibrium by taking advantage of the so-called integral relations [9] . At present, a semi-empirical t of the local thermal resistivity function is required to obtain the transport properties of the interface with SGT.
Molecular dynamics
This was accomplished in Ref. [37] for both planar and curved interfaces of the LJ-uid by combining NEMD and a semi-empirical SGT formulation. Here, the maximum of the local thermal resistivity was allocated to the vapor-side of the equimolar surface by invoking an inverse density dependence [11] . Rather than tting this function, a long-term aim should be to develop a predictive theory for the local thermal resistivity across interfaces. these properties remains to be developed. Such a theory is important because it provides the means for using SGT to estimate not only the surface tension, but also the rates at which heat and mass are transferred across interfaces at nonequilibrium by taking advantage of the so-called integral relations.
